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The masses of the elementary particles as well as their charges and spins (herein expressed in terms
of the elementary charge and Planck’s constant, respectively) belong to the fundamental physical
constants. Presently, no fundamental theory describing them is available, so their values remain
mysterious. In this work we offer an approach based on the Brown-York quasi-local energy which
includes the self-energy of an object. In order to compute this energy we model the spacetime of
the renormalized electron (and other leptons) by the Kerr-Newman metric. Placing conditions on
the associated energies at different radii we arrive at various constraints on the mass, charge and
spin.
I. INTRODUCTION
Even though a unified theory combining quantum field
theory and general relativity is still unavailable ulti-
mately our conception of elementary particles will have
to be compatible with general relativity. As part of such
an effort the question of the spacetime structure of ele-
mentary particles will have to be resolved as well.
It has been known since a landmark paper by Carter
[1] that the Kerr-Newman metric possesses many inter-
esting characteristics including a gyromagnetic ratio of
g = 2 which matches the value predicted for a fermion
described by the Dirac equation. Indeed there appears
to be a deep relation between the Kerr-Newman met-
ric and the Dirac equation which has been thoroughly
investigated by Burinskii [2–5] and others, cf. e.g. [6].
Apart from such deep interconnects on a more ”macro-
scopic level” it should be possible to describe a particle
viewed from some distance as a tiny rotating charged
sphere at least to some approximation. According to the
no-hair conjecture any black hole solution of the Einstein-
Maxwell equations can be completely characterized by
its mass, charge and angular momentum with the space-
time being given by the Kerr-Newman metric. The latter
argument is not completely valid, though, because the
Kerr-Newman metric describes a real black hole with an
event horizon only if m2 > a2 + Q2, i.e. when the mass
squared is much larger than the sum of the squares of
the charge and the rotation parameter a = J/m where J
is the angular momentum. However, for the electron we
have in geometrized units with G = c = 1 used through-
out the entire textm = 6.76·10−56cm, a = 1.93·10−11cm
and Q = 1.38·10−34cm, i.e. the rotation parameter alone
exceeds the mass by a factor of 2.86 · 1044. Still, the
Kerr-Newman metric naturally extends into this param-
eter space.
It has been argued that an electron cannot be a black
hole because its Schwarzschild radius would be many or-
der of magnitude smaller than its Compton length thus
not fitting inside its own Schwarzschild radius. There are
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two problems with this argument. First, it completely
disregards possible effects from the angular momentum
and the charge which in our used unit system are much
larger than the mass. Therefore, these effects can almost
certainly not be neglected. In fact, the Kerr-Newman
metric used for the present purpose does not describe
black holes with an event horizon since the condition
m2 > a2 +Q2 which is necessary for the formation of an
event horizon is violated by a wide margin as mentioned
before. Second, the notion of mass and energy is a com-
plicated one in general relativity and one has to settle
on a suitable definition of energy before proceeding with
arguments based on energy and mass. The notion is diffi-
cult because the influence of gravity can always be gauged
away at a single point in spacetime. Fortunately, a suit-
able definition is available. The Brown-York quasilocal
energy (”QLE”) [7] satisfies all important properties an
energy is supposed to possess. In particular it satisfies
a conservation law [8] which attributes a change in QLE
to a flux of ordinary stress-energy and a flux of a second
quantity into or out of the region of interest. There is
compelling evidence [9, 10] that the latter is to be consid-
ered a flux of gravitational field energy. Furthermore, the
QLE is additive in the sense that the QLE of two disjoint
regions is the sum of the QLEs contained in the regions.
It is defined quasilocally, i.e. in a finite region larger than
a point thus avoiding the problem mentioned above and
can be derived naturally from an action principle where
all applicable boundary terms [11] have been added to
the Einstein-Hilbert action. As such the concept is fully
covariant even though the exact value will depend on a
chosen time slicing and the size and shape of the bound-
ary since the region cannot be point-like. Like potential
energy in classical mechanics the QLE allows to set a
reference energy adding an arbitrary functional S0 to the
action which only depends on the induced metric of the
chosen boundary. Other than that the functional is arbi-
trary and has no influence on the conservation law and
the equations of motion derived from the action. With
an appropriate reference term it is possible to recover the
ADM limit, though. The reference term has been sub-
ject to a thorough investigation in the literature because
the suggested procedure to determine it proposed in the
2original article [7] is not always applicable. The develop-
ment of modifications to the original Brown-York QLE
[12, 13] with a well-defined ADM limit can be seen as
efforts to rectify this situation. However, because of the
reasons mentioned above the reference term is still arbi-
trary. As in past works we set S0 = 0 which is a perfectly
valid choice. We will either consider energy differences or
argue that a suitable reference term will drop out in the
small sphere limit. It is worth pointing out that the QLE
is implemented as a surface integral over a contraction
of a quasi-local stress-energy-momentum surface density.
Although evaluating the QLE gives the total energy con-
sisting of ordinary stress-energy and gravitational field
energy contained in a region enclosed by a boundary it
only requires knowledge of the metric and its derivatives
at the boundary. Therefore, results for the QLE of the
Kerr-Newman metric will be valid as long as the Kerr-
Newman metric as an exterior solution to the Einstein
field equations is valid at the chosen boundary. For the
interpretation of the following results it is important to
stress that we ultimately apply the Kerr-Newman metric
to the renormalized particle using the renormalized val-
ues for charge and mass. We view the renormalized par-
ticle as surrounded by a cloud of virtual particles which
are enclosed by the boundary as well and which preserve
the axial symmetry of the problem at least if the bound-
ary exceeds a minimum size of the Compton length. Like
in quantum field theory the effect of the vacuum polar-
ization is absorbed by replacing the bare charge and the
bare mass with their renormalized counterparts.
II. QLE OF THE KERR-NEWMAN METRIC
The QLE of the Kerr-Newman metric given in Boyer-
Lindquist coordinates
ds2 = −
(
1− 2mr −Q
2
r2 + a2 cos2 θ
)
dt2 +
r2 + a2 cos2 θ
r2 − 2mr + a2 +Q2 dr
2 +
(
r2 + a2 cos2 θ
)
dθ2 +
sin2 θ
(
r2 + a2 +
(
2mr −Q2) a2 sin2 θ
r2 + a2 cos2 θ
)
dφ2 −
2a
(
2mr −Q2) sin2 θ
r2 + a2 cos2 θ
dφdt (1)
has been computed before [9]. The result is given by
−i6mr
2 − 2r3 − r (4m2 + 2Q2 + a2)+ 2mQ2 +ma2
2 |a|
√
Q2 − 2mr + r2 Ξ˜E +
i
mr2 + r3 − r (4m2 − a2)+ 2mQ2 +ma2
2 |a|
√
Q2 − 2mr + r2
Ξ˜F −
(m− r)
√
(r2 + a2) (Q2 + a2 − 2mr + r2)
2Q2 − 4mr + 2r2 = E1
(2)
a/ae m/me log10(−E1/1cm) log10(rc/1cm)
0.01 1 -12.8202 -10.8202
1 0.001 -7.8202 -7.8202
1 100000 -15.8202 -15.8202
1 206.768 -13.1357 -13.1357
100 100 -10.8202 -12.8202
100 1 -8.8202 -10.8202
1 1 -10.8202 -10.8202
1 100 -12.8202 -12.8202
0.01 1 -12.8202 -10.8202
0.01 100 -14.8202 -12.8202
0.01 0.01 -10.8202 -8.8202
1 0.01 -8.8202 -8.8202
TABLE I. Values of E1 in the plateau region extending from
approximately rq to ra
with the time slice chosen by the unit normal vector
uµ =
√
r2 + a2 cos2 θ
r2 − 2mr + a2 cos2 θ +Q2 δ
µ
t (3)
and the boundary described by the unit normal vector
nµ =
√
r2 + a2 − 2mr +Q2
r2 + a2 cos2 θ
δµr (4)
Here,
Ξ˜E ≡ E
(
i
∣∣∣a
r
∣∣∣ , |r|√
Q2 − 2mr + r2
)
(5)
Ξ˜F ≡ F
(
i
∣∣∣a
r
∣∣∣ , |r|√
Q2 − 2mr + r2
)
(6)
and the incomplete elliptic integrals are defined as
E(z, k) ≡
∫ z
0
√
1− k2ζ2√
1− ζ2 dζ (7)
F(z, k) ≡
∫ z
0
1√
1− ζ2
√
1− k2ζ2
dζ (8)
III. THREE PARAMETERS, THREE
CONTRAINTS
Looking at the unreferenced QLE in fig. 1 we recognize
a plateau extending roughly between Q = rq < r < ra.
The value of E1 at the plateau Eplateau is approximately
−ra = −a = −J/m.
Miscellaneous values of Eplateau can be found in table
I. Demanding ra ≈ rc we obtain J ∼ h with the real value
being J = ~/2 = h/(4pi). This is a reasonable condition
because we want the ring singularity to be hidden behind
the Compton region.
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FIG. 1. log(−E1/1cm) vs. log(r/1cm) for J = ~/2 = 1.30 ·
10−66cm, |Q| = 1.38 · 10−34cm and (from above to below)
me = 6.76 · 10
−56cm, mµ = 206.77 · me, mτ = 3477.23 · me,
mlight = 10
−3 ·me and finally mheavy = 10
5 ·me.
a
a A Mathematica notebook deriving and evaluating eqn. 2 can be
found in [14]
In the limit r −→ 0 and m≪ Q≪ a the unreferenced
QLE E1 can be approximated as
E1(r = 0) ≈ −m
2
∣∣∣∣ aQ
∣∣∣∣ = −12
∣∣∣∣ JQ
∣∣∣∣ (9)
Substituting a = J/m for the rotation parameter the
QLE in this limit even becomes independent of m. We
obtain E1(r = 0) = −2.926 · EPlanck which is indepen-
dent of m as long as the stated conditions are met. In
[9] we argue that this result is not a coincidence. In fact
it helps to resolve a puzzle because the Compton wave-
length of the Planck energy is identical to its associated
Schwarzschild radius such that the Compton wavelength
can be confined within the Schwarzschild radius. Elevat-
ing this to a principle we have two conditions for J and
Q which allows us to solve for them.
The final remaining parameter we would like to deter-
mine is the (ADM) mass of the particle. Classically, we
can only provide a large range of allowed values. As men-
tioned above we treat the leptons as overextreme Kerr-
Newman ”black holes” without event horizon for which
m2 < J2/m2 + Q2 resulting in m2 < J for J/m ≫ Q
and m2 < Q2 if J = 0. Both conditions lead to approx-
imately the same bound of m < 10−34cm with angular
momentum J = ~/2 or without.
On the other hand it is obvious that in our model m >
0 has to be demanded leaving us with a wide margin
represented by the inequality 0 < m < Q. Otherwise,
the size of the ring singularity ra = a = J/m would be
infinite.
It may appear that it would be hard to lower the elec-
tron mass a lot further below its actual value because the
Compton length rC and the size of the ring singularity
ra are already roughly in the order of 10
−10cm. Low-
ering the value even further the electron would become
almost ”macroscopic” putting it in severe unbalance with
other subatomic lengthscales, e.g. the proton radius at
approximately 10−13cm. However, one may regard such
arguments as ”anthropic”, and we attempt to come up
with another argument constraining the lepton masses.
Continuing with our analysis we consider a small ball
with mass M = E1(r = 0) trapped on the left side in
the potential depicted in fig. 1. The ball is trapped
since both M and the potential E1(r) are negative
with |M | < |E1(r)|. The uniformity of E1(r) below
r < rs leads us to regard M as due to pure stress-
energy located at r = 0 classically because the Kerr-
Newman metric is an electrovacuum solution and grav-
itational field energy vanishes in the small sphere limit.
(The picture is slightly more involved because for the
Kerr-Newman metric Tµν 6= 0 even when r > 0 due
to the contribution to stress-energy from the electro-
magnetic field. However, numerical integration gives
2pi
∫ R
0
dr
∫ pi
0
dθ
√
hκ−1uµuνGµν ≪ E1(r = 0) in the re-
gion R < rs. ) Quantum mechanically this small pit
of stress-energy at r = 0 is now being spread out within
the potential well. For simplicity we approximate the po-
tential for our initial attempt by a one-dimensional po-
tential well with infinitely high walls ignoring the spher-
ical character of them problem since for the time being
we are only interested in order of magnitude estimates.
For its width we consider the two cases d = dmin and
d = rPlanck with the wavefunction of the ball penetrating
somewhere in between these two values whre dmin is the
minimum width required for an energy eigenvalue smaller
than E1(dmin.
A. Case I: d = rPlanck
For a potential well with infinitely high walls the en-
ergy of the ground state is given by
E1 = ~
2pi2
8M(2d)2
(10)
Assuming the ball can move freely around within the
potential well and setting d = rPlanck ∼ rq
|E1| =
∣∣∣∣ ~2pi232Mm2Planck
∣∣∣∣ <
∣∣∣∣ ~2m
∣∣∣∣ (11)
we obtain m < 7.4 ·10−36cm. However, this upper bound
is too large because the wavefunction will not penetrate
through the whole barrier. Note that we have obtained
the similar bound m < Q before requiring the absence of
an event horizon.
There is yet a third way of receiving this upper limit.
If we keep raising the ADM mass until m ∼ Q the upper
and the lower plateau in fig. 1 become equal and the po-
tential well vanishes. For the last inequality we assumed
4|E1| < |Eplateau| since the well is actually not infinitely
high and we are interested in a bound state.
B. Case II: d = dmin
We fit the slope region of E1 between the upper and
the lower plateau by the following function
E1,slope(d) = −d · J
m
· 1034cm−1 (12)
Looking for the ground state we require |E1| ≤ |E1,slope|
which yields an effective minimum size of the potential
well
d3min ≥
~
2pi2
32M · J
m
· 1034cm−1 (13)
For the three charged leptons we obtain de = 1.3 ·
10−41cm, dµ = 7.7 · 10−41cm and dτ = 2.0 · 10−40cm
which are all very similar due to the cube root involved.
Spotting these distances in fig. 1 they seem to approach
the upper edge of the well, but they are all well below
d < rq as required. The ratio of the the potential energy
at this location to the energy of the upper plateau is in
the order of 10−6 which may be a sensible value because
we do not want the ball to tunnel out of the well.
In light of these result there is hope that the allowed
values of m will ultimately be in a reasonable mass range
once the wave-equation is solved for the full potential
given by eqn. 2.
IV. NEUTRINOS
The expression for E1 in eqn. 2 diverges in the limit
Q = 0, and it is presently not seen how the Kerr metric
could be applied to the three generations of neutrinos.
The space-time structure of the Kerr metric may not even
be applicable to uncharged particles even with spin J =
~/2. Maybe this is a hint that the neutrino should not
be treated as a Dirac spinor but as a Majorana spinor
instead.
V. CONCLUSIONS
Modeling the spacetime of the charged leptons by the
Kerr-Newman metric we came up with two simple condi-
tions constraining their angular momentum and charge
to be J ∼ ~ and Q ∼ √~, respectively, ignoring small
factors. Since ~ is the only scale in our model with m
having the unit of length in our chosen unit system con-
straining the lepton masses is harder with the exception
of the inequality 0 < m < Q which has to hold such that
the Kerr-Newman metric is overextreme and the size of
the ring singularity is smaller than infinity.
Our crude model of the potential well only results in
a mass range which is too broad to be useful. In future
work it is planned to solve the full eigenvalue problem for
the potential given in eqn. 2 with the additional require-
ment of making the particle stable against the tunnel
effect. Alternatively, it also may be possible to construct
a potential from the expected eigenvalues and compare
the resulting potential with eqn. 2 using a procedure
outlined in [15].
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